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17. LEVI GRAPHS 
One convenient way to display the incidences in any configuration is 
by drawing its Levi graph [27, p. 51, in which the white nodes represent 
the points while the black nodes represent the lines; nodes of opposite 
colour are joined whenever the point a line are incident. Thus the 
Levi graph is a bipartite graph. (Fig. 15 may be regarded as the Levi 
graph for the hexagon 073164 in fig. 13). 
In fig. 18 the Levi graph for the complex octagon 8s appears as the 
combination of an ordinary octagon (8) and an octagram (3 with 
corresponding vertices joined in the manner that Frucht, Graver and 
Watkins [19] denote by G(8, 3). The octagon and octagram themselves 
are Levi graphs for the first pair of mutually inscribed quadrangles, while 
the remaining edges of the graph show which vertices of each quadrangle 
are incident with which sides of the other. 
In fig. 19, the peripheral (16) is the Levi graph for the first of our 
six octagons, while the diagonals indicate the manner in which that 
octagon is self-inscribed. 
18. REGULAR GRAPHS 
Among the edges of a graph, we can pick out a l-arc or directed edge, 
such as Id, a 2-arc such as ld4 or ld7, a 3-arc such as ld4a or ld4g, 
and so on [lo, p. 1101. The graph is said to be s-regubr if its s-arcs are 
all alike (that is, if its group of automorphisms is transitive on the s-arcs) 
while its (s + 1)-arcs are not all alike. In particular, the Levi graph for 
83 is 2-regular : its 2-arcs are all alike, each belonging to just three hexagons 
(for instance, ld4 to the hexagons ld4a2c, ld4a3b, ld4g6c); but the 
3-arcs ld4a and ld4g are different (the former belonging to two hexagons, 
but the latter to only one). The group of automorphisms of an s-regular 
trivalent graph having N1 edges (s > 1) is of order 2sNi. In the present 
case (with s = 2 and Ni = 24) this number is 96. Hence the Mobius-Kantor 
configuration has 48 automorphisms and 48 dualities. We shall find that 
for this configuration, unlike the Pappus 93, all the automorphisms are 
Fig. 18. {8}+{$}. 
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Fig. 19. A Hamiltonian circuit. 
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collineations and all the dualities are correlations. Half the collineations, 
and half the correlations, are projective, while the other half are anti- 
projective (using complex conjugates). 
19. REGULAR MAPS 
In fig. 20, the three pairs of mutually inscribed quadrangles appear 
as the pairs of “opposite” faces of a regular map of type (8, 3) having 
16 vertices, 24 edges and 6 octagonal faces [lo, p. 1241. Here, as in fig. 6, 
peripheral edges marked alike are supposed to be brought together; but 
now the map is on a surface of characteristic 
16-24+6= -2. 
Fig. 20. {4+4, 3). 
This, being orientable, is a surface of genus 2. Since the identifications 
8=1, 7=2, 6=3, 5=4, h=a, g=b, f=c, e=d 
would yield a cube (4, 3) with faces 
lc2d, 3b4a, 2a4cl, 3clb, 4bld, 3a2c, 
a natural “Schlafli symbol” for this map of six octagons [17, p. 1161 is 
{4+4, 3). 
Since the surface of genus 2 can be regarded as an octagon with each 
pair of opposite sides identified [17, p. 29, fig. 3.6~1, the same map may 
alternatively be drawn as in fig. 21. 
Any such map has a Petrie polygon: a zigzag in which any two 
consecutive edges, but no three, belong to a face. In the present case 
each Petrie polygon is easily seen to have just twelve edges. Since each 
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Fig. 21. Another view of {4+4, 3). 
of the 24 edges of the map belongs to two faces, and therefore to two 
Petrie polygons, the number of such polygons is 2 x 24/12= 4. In fig. 22 
these four dodecagons appear as the faces of a new map of type (12, 3) 
having 16 vertices and 24 edges (as before) but only 4 faces. Thus the 
characteristic is now 
16-24+4= -4 
and the surface is of genus three. This new map, for whose rotation group 
Sherk [31, p. 4751 found the presentation 
19.1 T2=u3= 1, (TU)a= (UT)a, 
has six octagonal Petrie polygons, which are just the faces of {4+4, 3). 
(In this respect the two maps are related symmetrically). 
20. THE GROUP &%(2, 3) OF PROJECTIVE COLLINEATIONS 
When the points and lines of the configuration 83 are denoted by numbers 
and letters, as above, the operation of multiplying the numbers by 2 
(mod 9) clearly leaves the relations 14.1 invariant. As a permutation 
of the numbers and letters, it is 
20.1 P=(l 2 4 8 7 5) (3 6) (a g f h b c) (d e). 
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Fig. 22. (4.3, 3). 
Since it transforms the four points 
l=(l, 0, O), 2=(0, 1, O), 3=(0, 0, l), 7=(-C+, 1, 1) 
into 
2=(0, 1, 0), 4=(0, 1, l), 6=(1, 02, 0), 5=(1, 0, l), 
it has the same effect as the projective collineation 
x’=x, y’= -02x+y+o~x, z’=y. 
The polarity with respect to the conic 14.2, namely 
20.2 D= (1 4 (2 b) (3 4 (4 4 (5 4 (6 f) (7 d (8 NY 
appearing in fig. 19 and fig. 22 as the reflection in a vertical line, transforms 
P into the analogous projective collineation 
20.3 &=(l 7 6 8 2 3) (4 5) (a b d h g e) (c f). 
Since the permutations P and Q satisfy the relations 
20.4 $‘3=&3=(pQ)2=Z 
(see 15.1), they generate the binary tetrahedral group of order 24, 
(3, 3, 2) cx SL(2, 3), 
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which has the presentation 
20.5 P3 = Q3 = (P&)2 
[13, p. SO] and the representation 
P= [I: J], Q= [i -:I (mod 3). 
21. THE REGULAR COMPLEX OCTAGON 3{3)3 
The projective collineations 
U=Ps =(l 4 7) (2 8 5) (a f b) (c g h)= [ _: y] (mod 31, 
V=Q-s=(l 2 6) (3 8 7) (a g d) (b e It)= [-y -iI (mod 3) 
generate the same group in the form 
us=1, uw=wv, 
which reveals it as 3[3]3: one of the groups generated by two unitary 
reflections [17, p. 791. In fact, our “regular complex octagon” is 3(3}3 
in the notation of Regular Complex Polytopes [13, pp. 30, 47, 94, 1041. 
In this unitary aspect, the three vertices on an edge are arranged like 
the three points (1, 0), (0, 0), ( ~2, 0) on the line y= 0. A real representation 
of such a complex polygon (fig. 23) can be obtained by projecting the 
Fig. 23. The regular complex octagon 3{3}3. 
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polygon onto a line of its unitary plane and representing the points on 
this hne by an Argand diagram. The eight edges naturally appear as 
eight equilateral triangles. Another way to obtain the same figure is to 
represent the unitary plane by a real Euclidean 4-space, so that the 
eight points become the vertices of the regular cross-polytope (3, 3, 4}, 
and then to project this polytope onto a suitable plane. 
22. REGULAR COMPLEX POLYGONS 
In the symbol 1)i{q)pa for a regular complex polygon, pr is the number 
of vertices on an edge, ~2 is the number of edges at a vertex (appearing 
in fig. 23 as the number of equilateral triangles at a vertex). It was observed 
by Sunday [36] that q is the number of vertices in a minimal cycle such 
that every two consecutive vertices, but no three, belong to an edge. In 
fig. 23, every such cycle consists of the vertices of an isosceles triangle. 
Other instances can be observed in Regular Complex Polytopes [13, pp. 47-49, 
108-111. The q-cycle appears in figs. 4.8A and 11.5P as an irregular 
quadrangle, in fig. 4.8B as an irregular pentagon, in fig. 4.86’ as a triangle 
(which may be equilateral), in figs. 11.5A and 11.5C as a rhombus, in 
fig. 11.5E as an irregular hexagon, and in figs. 11.5G and 11.5H as an 
irregular octagon]. 
Such a regular complex polygon exists if pi, p2, q are integers satisfying 
2 
p,>l, q>2, h>O, - = L +'+2-1, 
h PI ~2 q 
with pl=p2 if q is odd [13, p. 951. Its unitary symmetry group pl[q]pz, 
of order 2h2/q, has the presentation 
Ri”i = R$s = 1, RiRaRi.. . = RzRiR2.. ., 
where the last equation has q R’s on each side. 
When pl=p2= 2, we have the real q-gon 
whose symmetry group, the dihedral group 
2[q12 =SQQ, 
is generated by ordinary reflections R, in mirrors inclined at n/q. However, 
in general the angle between the mirrors is not n/q but c’, where 
cos2a= ( 2?t cos~cos~+ cos- >I sin E sin C P1 P2 P P1 P2 
[13, p. 941. 
23. SHEPHARD’S COORDINATES FOR THE VERTICES OF 31313 
The complex polygon 3(3}3 arises most naturally as a “face” of the 
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Hessian polyhedron 
[7, p. 469; 14, p. 881 whose 27 vertices have for coordinates the cyclic 
permutations of 
(0, 02, -COP) 0, p==o, 1, 2) 
in unitary 3-space. In fact, a typical face, lying in the plane us-us + 1 = 0, 
has the eight vertices 
(0, 0, -d), (0, 09, -co), (-09, 0, l), (a?, -1, 0) (l=O, 1, 2). 
When the centre (0, - i,# is translated to the origin, and the coordinates 
are multiplied by 2, they become 
(0, il/3, q/3), (0, -q/3, -q/3), (-2w”, 1, l), (2J, -1, -1). 
The three coordinates ui, us, us (with us= us) can be reduced to two 
by the transformation 
X=%/1/2, y=(Uz+U3)/2 
which yields 
(0, i1/3), (0, -i1/3), (-&2, 11, (J1/2, - 1). 
These coordinates, for the vertices of the complex polygon 3{3}3, are 
essentially the same as those found in 1952 by G. C. Shephard [30, p. 93 (7)]. 
This is different from the other “regular complex octagon” 2{4}4, with 
vertices 
(i”, 01, (0, i”) 
[13, pp. 105 (11.22), 109 (fig. ll.SD)]. 
24. THE GROUP OF PROJECTIVE CORRELATIONS AND COLLINEATIONS 
Let us now return to 83, the projective aspect of 3{3}3. 
To derive Q from P, we transformed by D (see 20.2) so that Q = Pn = DPD. 
Since D is a polarity, we can adjoin it to SL(2, 3) to obtain a group of 
24 projective collineations and 24 projective correlations transforming 
8s into itself. For a presentation, we have 
24.1 P3= (PD)4, D2= 1. 
Accordingly, this projective group of order 48 is GL(2, 3), generated 
by the matrices 
P= [I; -;I, D= [; ;] (mod 3) 
[13, p. 81 (7.73) with P=a, D=c-la]. 
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25. THE GROUP OF PROJECTIVE AND ANTIPROJECTIVE COLLINEATIONS 
The collineations P and Q (20.1 and 20.3) are interchanged not only 
by D but also by the permutation 
(2 7) (3 5) (4 6) (a N (c 4 (e fh 
which appears in fig. 18, fig. 21 and fig. 23 as the reflection in the line 18. 
Since this leaves 1 and 8 invariant while transforming 2 and 3 into 
7=(-02, 1, 1) and 5=(1, 0, I), 
it is the antiprojective collineation 
x’=5j-c!&j-z, y/g, z’=fj--1. 
With P, it generates a group GL(2, 3) of projective and antiprojective 
collineations. Having order 48, it is the group of symmetries and anti- 
symmetries of the regular complex octagon 3{3)3 [13, p. 1061 and is thus 
the complete collineation group of the Mobius-Kantor cotiguration 83. 
One element of GL(2, 3), in this representation, is the antiprojective 
collineation 
(1 7) (2 8) (3 6) (a d (b h) Cc f)= [ -; ;] 3 
which transforms the projective collineations P, Q, U, V into their 
inverses and appears in fig. 18 and fig. 23 as the reflection in the line 45 
(horizontal in the latter case) and in fig. 20 as the reflection in a vertical line. 
26. THE GROUP OF PROJECTIVE COLLINEATIONS AND ANTIPROJECTIVE 
CORRELATIONS 
T4e permutations U and V (see 5 21) are interchanged by the 
permutation 
T=(l b) (2 4 (3 4 (4 4 (5 4 (6 f) (7 R) (8 9). 
As a correlation, transforming the four points 1, 2,3, 7 into the four lines 
b=[O, 1, 01, a=[l, 0, 01, c=[O, 0, 11, h=[-1, 0, I], 
it is the antipolarity 
x=g, Y=Z, 2=-z. 
With U it generates a group of order 48 which is the group of projective 
collineations and antiprojective correlations of 83. The presentation 19.1 
shows that this is another group generated by unitary reflections 
[13, pp. 94, 1081, namely the symmetry group 
2[6]3 = 3[6]2 
of the regular complex polygon 2{6)3. In its real representation, this 
“polygon” serves as a Cayley diagram for the group (2, 2, 2>2 of order 
20 Indagationes 
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Fig. 24. The regular complex 16-gon 2{6}3. 
sixteen [17, pp. 22, 301 and as a Levi graph for 3{3}3. (Fig. 24 is derived 
from fig. 18 by applying a half-turn to the central octagram so as to 
make the triangles 126 and 234 equilateral). 
27. THE GROUP OF ALL COLLINEATIONS AND CORRELATIONS OF 83. 
Comparing fig. 20 and fig. 22 with fig. 8 and 4.1, we see that the 
complete group (including “reflections”) of either of these regular maps 
(one consisting of six octagons and the other of four dodecagons) has 
order 96 and is thus the group of all collineations and correlations of 
the Mobius-Kantor configuration 83. We see also that it satisfies the 
relations 
27.1 A3=Bs=Crs=(AB)s=(BC)s=(CA)2=(ABC)2=1, 
where 
A=(1 7 4) (2 5 8) (a b f) (c h g)=U-’ 
is the trigonal rotation round the vertex marked d in either figure, 
27.2 B=(l d 4 g 8 e 5 b) (2 h 3 c 7 a 6 f) 
is the rotation round the octagon ld4g8e5b in fig. 20, and 
27.3 C=(l F, 8 a) (2 c 6 g 4 d 7 f 3 b 5 e) 
is the rotation round the dodecagon 2c6g447f3b5e in fig. 22. We recognize 
AB as the polarity D of 20.2, BC as the antiprojective collineation 25.1, 
ABC as another antiprojective collineation; BA= B3C2, B-KY and BC4 
as polarities, and AC=BQ as an antipolarity. (We shall see in $ 29 
that 27.1 is not a complete presentation for our group of order 96). 
Since A=U-1 =P-2 is a projective collineation while B = BA.U is a 
projective correlation, the group GL(2, 3) of projective collineations and 
projective correlations is generated by A and B (that is, by B and C2). 
In fact, the relations 24.1 follow from 
As=Bs=(AB)z= 1, A q? B4 
when we define P = AB4 and D = AB. 
Similarly, since BC is an antiprojective collineation, the group GL(2, 3) 
of projective and an&projective wllineaticms is generated by B2, BC, C2. In 
fact, the permutations 
Rl=ABC, Rz=B%, Rs=CB 
are easily seen to satisfy the relations 
R12=R$=R$= 1, (R1R@=(R2R#=(RlR# 
[13, pp. 81, 921. 
Again, since C=U. AC is an antiprojective correlation, the group 2[6]3 
of projective collineutiom and antiprojective wrrela:ions is generated by A 
and C. In fact, since Cs commutes with A, the permutations 
T=CA and U=A-1 
satisfy the relations 19.1. 
28. THE THIRTEEN CLASSES OF CONJUGATE ELEMENTS 
By analysing fig. 20 and fig. 22 the way we analysed fig. 7 in $ 6, 
we can distribute the 96 elements of the “complete” group (in which 
GL(2, 3) and 2[6]3 occur as subgroups of index 2) into thirteen classes 
of conjugates. The only type of element that presents any difficulty is 
B-K! = (1 5 2 3 8 4 7 6) (a f g d h c b e), 
which appears in the universal covering map (8, 3) or (12, 3) (in the 
hyperbolic plane) as a glide reflection whose axis (indicated in figs. 20, 21, 
22 as a broken line) passes through the midpoints of the edges 
lb, 5e, 2a, 3f, Sg, ad, 7h, 6c of (8, 3) 
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or through the midpoints of the edges 
cl, b5, e2, ~3, f8, 94, d7, h6 of (12, 3). 
Tracing this line in fig. 20 or 21, we see that it penetrates (8, 3) in 
such a way as to leave the edge cl on the right, then b5 on the left, 
e2 on the right, a3 on the left, f8 on the right, g4 on the left, d7 on the right, 
and h6 on the left. Similarly in fig. 22, the axis of the glide reflection 
penetrates (12, 3) so as to leave lb on the left, then 5e on the right, 
2a on the left, 3f on the right, 8g on the left, ad on the right, 7h on the left, 
and 6c on the right. In either case, the edges involved form a Hamiltonian 
circuit, the same circuit that was used as the peripheral (16) in fig. 19. 
The six Hamiltonian circuits, arising from the six self-inscribed octagons, 
yield six possible axes and thence six pairs of opposite glide reflections. 
Another way to count them is to observe that each of the 24 edges 
(of either map) lies between two of the axes, while each axis runs beside 
eight edges. 
How could we have foreseen that the automorphism B-1C must appear 
as a glide reflection in both (8, 3) and (12, 3}? In (8, 3}, B is a rotation 
while C (associated with the Petrie polygon) is a glide reflection. In (12, 3}, 
C is a rotation while B is a glide reflection. But in the hyperbolic plane, 
just as in the Euclidean plane [ll, pp. 44, 2691 the product of a rotation 
and a glide reflection is a glide reflection (or a reflection). 
We are now ready to make a list of the 96 collineations and correlations, 
arranged in 13 classes of conjugates: 
1 identity, 
1 harmonic homology Z=B4 (the Pa of 20.4 and 24.1), 
8 projective collineations of period 3 such as A or Cd, 
6 projective collineations of period 4 such as Bs, 
8 projective collineations of period 6 such as Ca; 
12 antiprojective collineations of period 2 such as BC, 
12 antiprojective collineations of period 8 such as B-C; 
12 polarities, such as AB (the D of 20.2) or BaC2 or B-VY, 
12 projective correlations of period 8 such as B or Bs; 
6 antipolarities such as CA or BV, 
2 antiprojective correlations of period 4, CY and C-a, 
8+ 8 antiprojective correlations of period 12 such as C and 0. 
29. COMF’ARISON WITH AN INFINITE GROUP 
In the above discussion we have expressed A, B, C as permutations 
and made use of the relation A e B4, which is not derivable from 27.1. 
In fact, the group ff 3~~12 defined by these relations alone, or by 
29.1 B’3 = (312 = (BC)2 = (B3@)2 = (B2@)2 = 1 
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(since A=BXF, as before), is infinite (although the analogous groups 
G3,7,12, @,7,13, fJ3,7,14, Q%7J5, @%7JS and GUW are all finite [5, p. 1.20; 
17, p. 961). This can be seen as follows. 
It is known [6, p. 249, with B for U and D for T] that, for any positive 
integer n, there is a group of order 48n4 defined by 
Bs =D2 = (BD)3= (B-1DBD)G = @-2DB2D)4 = (B4D)% = 1. 
In terms of a new generator A= DB-1, replacing D, these relations 
become 
A3 = Ba = (AB)2 z (&B2)6 = (A-lB-zAB2)4 = (AB5)2n = 1. 
Analogy with G3ysJa suggests the introduction of a third generator C 
such that (BC)2 = (CA)2= A2B2C2 = 1. We now have A2B2= C-2, A= B2Cs, 
A-iB-2AB2 = A’XYB2 = A(AC)-l(CB)-l(BA)-IA-1 = A(BAC)-sA-1 
and ABs = BsC2B5 = B3B-VB-3. Thus there is a group of order 96n4 
defined by 
As= B* = Cl2 = (AB)2= (BC)2 = (CA)2 = (ABC)2 = (BAC)s = (B-lC2)2n = 1 
or, in terms of B and C alone, 
29.2 B3=@2=(BC)2=(B2C3)2=(B3C2)2=(B3C3)3=(B-lC2)2n= 1. 
30. A PRESENTATION FOR THE GROUP OF COLLINEATIONS AND 
CORRELATIONS 
To determine the extent to which this result is relevant to the Mobius- 
Kantor configuration, we observe that the permutations 27.2 and 27.3 yield 
BW3=(17538246)(ogcdh,bfe), 
B-%2=(1 e) (2 b) (3 a) (4 f) (5 c) (6 h) (7 g) (8 d). 
It follows that 29.2, with n= 1, is a presentation for our group of 
collineations and correlations of order 96. 
Since the relations 24.1 and 19.1 imply (PD)*=l and (TU)12=1, 
respectively, it is natural to hope that the final relation (B-Ws)2= 1 may 
be sufficiently powerful to avoid the necessity of specifying the periods 
of B, C and BW3. In fact, the elegant presentation 
30.1 (BC)2 = (B3@)2 = (B2C3)2 = (B-1(32)2 = 1 
(for the complete group of collineations and correlations of 83) can be 
checked by enumerating the sixteen cosets of the subgroup generated 
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by BC and CB (which is a group G,s of order 6, since the above relations 
imply period 3 for BYY). The process [17, p. 141 can be carried out in 
such a way that the cosets are identified with the symbols 1, . . ., 8, 
a, . . . . h for the points and lines of the configuration, beginning with 4 
(rather than 1) as a symbol for the chosen subgroup, because the 
point 4 is left invariant by both the permutations 
BC=(l 7) (2 8) (3 6) (a d (b h) Cc fh 
CB=(l 3) (2 7) (6 8) (a d) (c f) (e h). 
(The use of 5 instead of 4 would make no essential difference to the tables). 
BBBBBBBBBICCCCCCCCCCCCC 
2h3c7a6f 2hl 
BCBC 
494g4 
d4d4d 
ld7al 
blh3b 
8e2h8 
g8a6g 
5b5b5 
e5e5e 
3c6f 3 
f2c 7f 
I Ba Cc Ba Cc 
4ec64 
7 f b 4 7 
1 g d 8 1 
2 c g 5 2 
5df35 
6 h a 2 6 
3 a h 7 3 
8 b e 1 8 
I 
alh8al 
B2 CY B2 CY 
48hc4 
51af5 
14fhl 
8 5 c a 8 
2 3 e b 2 
3 7 b d 3 
6 2 g e 6 
76dg7 
B-1 (32 B-1 (32 
7 c g 4 7 
4df 64 
1 b e 8 1 
5 e c 3 5 
8 g d 1 8 
3 h a 7 3 
6 a h 2 6 
2fb52 
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